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Abstract
We present an exact stationary axially symmetric vacuum solution of
metric-affine gravity (MAG) which generalises the recently reported spher-
ically symmetric solution. Besides the metric, it carries nonmetricity and
torsion as post-Riemannian geometrical structures. The parameters of the so-
lution are interpreted as mass and angular momentum and as dilation, shear
and spin charges.
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1
The geometry of MAG (‘metric-affine gravity’) is described by the curvature two-form
Rα
β, the nonmetricity one-formQαβ , and the torsion two-form T
α which are the gravitational
field strengths for linear connection, metric and coframe, respectively. The corresponding
physical sources are the canonical energy-momentum and hypermomentum three-forms. The
latter includes the dilation, shear and spin currents assosiated to matter. The field equations
and the formalism are comprehensively described in [1].
In the recent paper [2], we presented an exact spherically symmetric solution of MAG
which has a mass and three nontrivial hypermomentum charges (dilation, shear and spin).
Here we generalise this result and describe an axially symmetric solution.
We start from the Lagrangian [2],
V =
1
2κ
[
−a0 Rαβ ∧ ηαβ − 2λ η + T α ∧ ∗
(
3∑
I=1
aI
(I)Tα
)
+ 2
(
4∑
I=2
cI
(I)Qαβ
)
∧ ϑα ∧ ∗T β +Qαβ ∧ ∗
(
4∑
I=1
bI
(I)Qαβ
)]
− z4
2
Rαβ ∧ ∗(4)Zαβ , (1)
where a0, ..., a3, b1, ..., b4, c2, c3, c4, z4 are coupling constants. We choose the cosmological
constant λ to be positive for an overall repulsion. As usual, the star ∗ denotes the Hodge
dual, and κ is the Einstein gravitational constant. The metric signature is (− + ++).
The fourth irreducible piece of the curvature reads (4)Zαβ = Rγ
γgαβ/4 (see [1] for details).
Particular cases of (1) were considered earlier in [3–7].
Let us choose standard Boyer-Lindquist coordinates (t, r, θ, φ). With the local Min-
kowski metric, oαβ = diag(−1, 1, 1, 1), we take as an ansatz the standard coframe for the
Kerr solution with cosmological constant:
ϑ0ˆ =
√
∆
Σ
(
d t− j0 sin2 θ dφ
)
,
ϑ1ˆ =
√
Σ
∆
d r,
ϑ2ˆ =
√
Σ
f
d θ,
ϑ3ˆ =
√
f
Σ
sin θ
[
−j0d t+
(
r2 + j20
)
dφ
]
, (2)
2
where ∆ = ∆(r),Σ = Σ(r, θ), f = f(θ), and j0 is a constant.
Similarly to [2], we assume that nonmetricity and torsion are represented by three one-
forms (the Weyl covector, the third irreducible nonmetricity piece and the torsion trace) so
that
Qαβ = u(r, θ) oαβ ϑ
0ˆ +
1
9
v(r, θ)
(
4ϑ(αeβ)⌋ϑ0ˆ − oαβϑ0ˆ
)
, (3)
T α =
1
3
τ(r, θ) ϑα ∧ ϑ0ˆ. (4)
Substituting the ansatz (2)-(4) into the field equations for the Lagrangian (1) (we refer
the readers to [1] for the general form of the MAG field equations, (5.5.4)-(5.5.5), and to [2]
for the detailed discussion of the model (1)) one finds:
u = k0N
r√
∆Σ
, v = k1N
r√
∆Σ
, τ = k2N
r√
∆Σ
, (5)
∆ = r2 + j20 − 2κMr −
λ
3a0
r2
(
r2 + j20
)
+ z4
κ(k0N)
2
2a0
, (6)
Σ = r2 + j20 cos
2 θ, (7)
f = 1 +
λ
3a0
j20 cos
2 θ . (8)
Here M and N are the integration constants which describe, respectively, the mass and
the nonmetricity-torsion charges of the source. The coefficients k0, k1, k2 are constructed in
terms of the coupling constants,
k0 =
(
a2
2
− a0
)
(8b3 + a0)− 3(c3 + a0)2 , (9)
k1 = −9
[
a0
(
a2
2
− a0
)
+ (c3 + a0)(c4 + a0)
]
, (10)
k2 =
3
2
[3a0(c3 + a0) + (8b3 + a0)(c4 + a0)] , (11)
and, as in [2], we find
b4 =
a0k + 2c4k2
8k0
, with k := 3k0 − k1 + 2k2 . (12)
The physical interpretation of the parameters of the solution as described above is clear:
M and j0 represent the mass and the angular momentum of Kerr type, while (k0N), (k1N),
3
and (k2N) describe, respectively, the dilation (‘Weyl’) charge of the fourth irreducible non-
metricity piece, the shear charge of the third irreducible nonmetricity piece and the spin
charge of the second irreducible torsion part.
Work is in progress on the generalisation of our solution to the MAG version of the
Pleban´ski-Demian´ski family [8].
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